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The dynamics of a soliton propagating in a single mode optical ber with Raman
coupling to thermal phonons is analyzed. Using both soliton perturbation theory, and
exact numerical techniques, we predict that intrinsic thermal quantum noise eects
due to the phonon reservoirs is a dominant source of jitter and other perturbations for
short pulses (< 1ps). The size of the Raman timing jitter is evaluated for both bright
and dark (topological) solitons, and is larger for bright solitons. Because Raman
thermal quantum noise is a nonlinear, multiplicative noise source, these eects are
stronger for the more intense pulses needed to propagate as solitons in the short-pulse
regime.
060.4510, 270.5530, 270.3430, 190.4370, 190.5650, 060.2400
1. Introduction
In this paper, we analyze in some detail the eects of Raman noise on solitons. In particular
we derive approximate analytic expressions and provide further detail for the precise nu-
merical results published earlier1. The motivation for this study is essentially that coupling
to phonons is one property of a solid medium that denitely does not obey the nonlinear
Schro¨dinger equation. The presence of Raman interactions plays a major role in perturbing
the fundamental soliton behavior of the nonlinear Schro¨dinger equation in optical bers.
This perturbation is in addition to the more straightforward gain/loss eects that produce
the well-known Gordon-Haus eect2.
The complete derivation of the quantum theory for optical bers is given in an earlier
paper3, denoted (I). That paper presented a detailed derivation of the quantum Hamiltonian,
and included quantum noise eects due to nonlinearities, gain, loss, Raman reservoirs and
Brillouin scattering. Phase-space techniques allowed the quantum Heisenberg equations of
motion to be mapped onto stochastic partial dierential equations. The result was a gener-
alized nonlinear Schro¨dinger equation, which can be solved numerically or with perturbative
analytical techniques.
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The starting point for this paper is the phase-space equation for the case of a single
polarization mode, obtained using a truncated Wigner representation, which is accurate in
the limit of large photon number. We use both soliton perturbation theory and numerical
integration of the phase-space equation to calculate eects on soliton propagation of all
known quantum noise sources, with good agreement between the two methods.
Our main result is that the Raman noise due to thermal phonon reservoirs is strongly
dependent on both temperature and pulse intensity. At room temperature, this means that
Raman jitter and phase noise become steadily more important as the pulse intensity is in-
creased, which occurs when a shorter soliton pulse is required for a given ber dispersion.
Using typical ber parameters, we estimate that Raman-induced jitter is more important
than the well-known Gordon-Haus jitter for pulses shorter than about one picosecond. Al-
though we do not analyze this in detail here, we note that similar perturbations may occur
during the collision of short pulses in a frequency-multiplexed environment.
2. Raman-Schro¨dinger Model
We begin with the Raman-modied stochastic nonlinear Schro¨dinger equation (Eq. (6.3) of
(I)), obtained using the Wigner representation, for simplicity. Similar, but more accurate,
equations occur with the positive-P representation, although in this case, the phase-space
dimension is doubled. In order to simplify the calculations further, we assume that gain
and loss in the ber balance exactly. This requires that the amplier sections in the ber
are suciently close together (of the order of the soliton scaling length or less) so that the
soliton can propagate without distortion4.
For the analytic calculations, we also assume that the Raman non-linear response func-
tion is instantaneous on the time-scale of the soliton width. This is equivalent to assuming
that the phonon modes are heavily damped, and means that the Raman coupling leads to










+ i(; )(; )
#
(; ) + ΓC(; ) ; (2.1)
where the bracketed term represents the usual nonlinear Schro¨dinger (NLS) equation in
normalized, propagative form, with  = (t − x=v)=t0 and  = x=x0, where t0 is a typical
pulse duration used for scaling purposes and x0 = t
2
0=jk00j. The group velocity v and the
dispersion relation k00 are calculated at the carrier frequency !0. The combined noise sources
have been grouped together as
ΓC(; ) = Γ + iΓR(; )(; ) : (2.2)
In these equations,  is a dimensionless photon eld amplitude, related to the photon flux by
J = jj2n=t0, where the photon number in a typical pulse of width t0 is n = jk00jAc=(n2h!20t0)
for modal area of cross-section A and a change in refractive index per unit intensity of n2.
The positive sign in front of the second derivative term applies for anomalous dispersion
(k00 < 0), and the negative sign applies for normal dispersion (k00 > 0).
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A. Wigner noise
Both ber loss and the presence of a gain medium each contribute quantum noise to the equa-
tions in the symmetrically-ordered Wigner representation. The complex gain/absorption
noise enters the nonlinear-Scho¨dinger (NLS) equation through an additive stochastic term
Γ, whose correlations are:
hΓ(Ω; )Γ(Ω0;  0)i = (
G + A)
2n
( −  0)(Ω + Ω0); (2.3)






dΓ(; )eiΩ : (2.4)
The dimensionless intensity gain and loss are given by G and A, respectively.
Similarly, the real Raman noise, which appears as a multiplicative stochastic variable
ΓR, has correlations
hΓR(Ω; )ΓR(Ω0;  0)i = 1
n







where the thermal Bose distribution is given by nth(Ω) = [exp (hjΩj=kBTt0)− 1]−1 and
where R(Ω) is the Raman gain, whose prole is given in Fig. 1 of (I). Thus the Raman
noise is strongly temperature-dependent, but it also contains a spontaneous component
which provides vacuum fluctuations even at T = 0.
In the absence of the noise sources, these equations have stationary solutions in the
form of bright (+) or dark (−) solitons. Solitons are solitary waves in which the eects of
dispersion are balanced by nonlinear eects, to produce a stationary pulse that is robust in
the presence of perturbations. We note here that, in reality, the Raman response function
is non-instantaneous, which causes a red-shift in the soliton frequency. This soliton self-
frequency shift is a deterministic eect, and so can be neglected in the treatment of noise
eects, to a rst approximation. The accuracy of this approximation will be evident in the
subsequent comparison of analytic with numerical results. The numerical results all include
the complete nonlinear response function, rather than the approximate instantaneous form
given above.
3. Perturbation Theory
We now proceed to derive the approximate analytic expressions for the eects of noise on
soliton jitter, using soliton perturbation theory5{10, for both bright and dark solitons.
A. Bright solitons
The stationary soliton of Eq. (2.1) for anomalous dispersion is:
bright(; ) = Asech(A − q())eiV +i(); (3.1)
3
where @q=@ = V A and @=@ = (A2 − V 2)=2, with amplitude A and velocity V. Following
the method presented in6;7, we treat the eects of the noise terms as perturbations around
a soliton solution whose parameters vary slowly with  :
(; ) = (; ) + (; ); (3.2)
where the unperturbed soliton solution is given by:
(; ) = A()sech(A() − q())eiV ()+i() (3.3)
for a bright soliton. Substituting Eq. (3.2) into Eq. (2.1) gives the following linearized
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(; ) + (; )2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; ) + Γ(; ) ; (3.4)
where the linearized noise source Γ(; ) is dened as:
Γ(; ) = Γ + iΓR(; )(; ) : (3.5)
Now we wish to determine the evolution of the soliton parameters as a function of
propagation distance  . To do this, we expand the perturbation in terms of the soliton










fPiPi + c(; ): (3.6)





−  tanh(A − q)

;
fq = tanh(A − q);
fV = i;
f = i: (3.7)
In order to select out the evolution of particular parameters, we need to use the adjoint























tanh(A − q): (3.9)
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Substituting the Taylor expansion (Eq. (3.6)) into the linearized equation (Eq. (3.4)) and
using the adjoint functions to project out particular parameters shows that the growth of
fluctuations in the fundamental soliton parameters is governed by6
@
@







We wish to nd the growth of fluctuations in position q(). Because the position de-










dsech(A − q)<fe−iV −iΓg; (3.11)
and
ΓV () = <
Z 1
−1





dsech(A − q) tanh(A − q)

Asech(A − q)ΓR −=fe−iV −iΓg

: (3.12)
From this we can calculate the growth of the fluctuations in velocity:
V () = V (0) +
Z 
0










d 0ΓV ( 0): (3.13)
Using the noise correlations calculated above, the correlations in the velocity fluctuations
can now be calculated:

















  <  0; (3.14)






dd 0 tanh()sech2() tanh( 0)sech2( 0) ~F( −  0): (3.15)






The correlations in position fluctuations correspond to the jitter in arrival times, be-
cause we have chosen a propagative reference frame. The jitter therefore feeds o position
fluctuations as well as noise entering through the velocity:








A2hV ( 00)V ( 000)i+ hΓq( 00)Γq( 000)i

 <  0: (3.16)
5




















which contains cubic terms due to the gain and Raman couplings, and also slower growing
terms due to the initial vacuum fluctuations and amplier noise.
An alternative method that is often used2;9;10 for deriving the timing jitter exploits
conserved quantities in the NLS equation. The relevant quantities are the normalized photon











for a bright soliton solution. To obtain the fluctuations in velocity, we can dierentiate both
























Combining these two equations and integrating gives
@
@
V () = <
Z 1
−1
d(−i) tanh(A − q)sech(A − q)e−iV −iΓ(; )

; (3.20)
which leads to Eq. (3.13) { and hence can be used to obtain the leading order terms in the
timing jitter as before.
B. Dark solitons
Fibers in the normal dispersion regime can support dark soliton solutions, so called since
they correspond to a dip in the background intensity11:
dark(; ) = 0
q
1− A2sech2(0A − q())ei()ei(;);
(; ) = arcsin
0
@ A tanh(0A − q())q
1− A2sech2(0A − q())
1
A ; (3.21)
where d=d = 20, dq=d = A
p
1− A220 and 0 is amplitude of the background eld.
The size of the intensity dip at the center of the soliton is given by A, with the intensity
going to zero in a black tanh() soliton, for which A = 1. Dark solitons are classed as
topological solitons, because they connect two background pulses of dierent phase. The
total phase-dierence between the boundaries is  = 2 arcsin(A).
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The non-vanishing boundary conditions of the dark pulse complicate the perturbation
calculation of jitter variance. In order to use the conservation laws to calculate the growth in
fluctuations, the constants of motion must be regularized so that their variational derivatives
vanish at the boundary9;10, which involves coupling the topological phase  to the soliton
momentum P . This enables the leading order terms in the jitter growth to be calculated in
the same manner as for bright solitons. We may rewrite the dark soliton solution as
dark(; ) = 0e
i()
p
1− A2 + Ai tanh(0A − q())

; (3.22)
which is a simpler form for calculating the  derivatives. The resulting expression for the












where the overlap integral I(t0) is as dened in Eq. (3.15). As in the anomalous dispersion
regime, the vacuum fluctuations contribute to quadratic growth in the jitter variance, and
gain and Raman fluctuations contribute to cubic growth. However, the size of the jitter
is smaller than that in the bright soliton case, for the same propagation distance  . The
contribution from the vacuum and gain terms is one half and the contribution from the
Raman term is one quarter of that in Eq. (3.17), giving dark solitons some advantage over
their bright cousins.
4. Scaling properties
In summary, there are three dierent sources of noise in the soliton, all of which must be
taken into account for small pulse widths. These noise sources contribute to fluctuations in
the velocity parameter, which lead to quadratic or cubic growth in the timing-jitter variance
for single pulse propagation. The noise sources also produce other eects, such as those
eected through soliton interactions, but we will not consider these here.
Each of the noise sources has dierent characteristic scaling properties, which are sum-
marized as follows:
A. Vacuum Fluctuations
The vacuum fluctuations cause diusion in position which is important for small propagation
distances. There are position fluctuations even at the initial position, since the shot-noise
in the arrival time of individual coherent-state photons gives an initial fluctuation eect.
After propagation has started, this initial position fluctuation is increased by the additional
variance in the soliton velocity, due essentially to randomness in the frequency domain.








For purposes of comparison, note that N = 2n is the mean photon number for a sech()
soliton. Numerical calculations conrm that for tanh() dark solitons, the variance was









This shot-noise eect, which occurs without amplication, is simply due to the initial
quantum-mechanical uncertainty in the position and momentum of the soliton. Because
of the Heisenberg uncertainty principle, the soliton momentum and position cannot be spec-
ied exactly. This eect dominates the Gordon-Haus eect over propagation distances less
than a gain length. However, for short pulses, this distance can still correspond to many
dispersion lengths - thus generating large position jitter.
B. Gordon-Haus noise
As is well known, the noise due to gain and loss in the ber produces the Gordon-Haus
eect, which is currently considered the major limiting factor in any long-distance soliton-
based communications system using relatively long (> 10ps) pulses. Amplication with
mean intensity gain G, chosen to compensate ber loss, produces a diusion (or jitter) in
position. Unless other measures are taken, for suciently small amplier spacing4 and at









in which the linearly growing terms have been neglected.
Another eect of the amplier noise is to introduce an extra noise term via the fluctua-
tions in the Raman induced soliton self-frequency shift. This term scales as the fth power
of distance and hence will become important for long propagation distances. This combined
eect of spontaneous emission noise and the Raman intra-pulse scattering has been dealt
with by a number of authors13. The full phase-space equation, given in (I) models this
accurately, since it includes the delayed Raman nonlinearity, and the eect would be seen
in multi-pulse numerical simulations carried out over long propagation distances.
C. Raman noise
A lesser known eect is the fluctuations in velocity that arise from the Raman phase-noise
term ΓR in Eq. (2.1). Like the Gordon-Haus eect, this Raman noise generates a cubic







where I(t0) is the integral dened in Eq. (3.15) that indicates the spectral overlap between
the pulse spectrum and the Raman fluorescence. The mean-square Raman induced timing
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jitter has a cubic growth in both cases, but the dark soliton variance is one quarter of that
of the bright soliton.
The magnitude of this Raman jitter can be found by evaluating I(t0) numerically, or
else using an analytic approximation. An accurate model of the Raman gain, on which
I(t0) depends, requires a multi-Lorentzian t to the experimentally measured spectrum. A
t with 11 Lorentzians was used in the numerical simulations, however a single-Lorentzian
model14 can suce for approximate calculations. A plot of the Raman gain prole for both
models is given in (I), along with a table of the tting parameters for the multi-Lorentzian


















which greatly simplies the Raman correlations. As Fig. 1 indicates, the spectral overlap
of F(Ω) with a t0 = 1ps soliton occurs in this low frequency region. Thus the white noise
approximation for the Raman correlations is good for solitons of this pulse width and larger.
For smaller pulse widths, not only is the Raman contribution to the noise larger due to the
greater overlap, but the colored nature of the correlations must be taken into account.























At a temperature of 300K, F(0) = 4:6 10−2 when a single Lorentzian centered at 12 THz
with tting parameters F1 = 0:7263, 1 = 20 1012t0 and Ω1 = 75:4 1012t0 is used.
5. Numerical results
More precise results can be obtained by numerically integrating the original Wigner phase-
space equation, given as Eq. (6.3) in (I), which includes the full time-delayed nonlinear
Raman response function. The results for t0 = 500fs bright and dark solitons are shown
in Figs. 2(a) and 2(b), respectively. The gain and photon number were chosen to be G =
G=x0 = 4:6  10−5m−1 (0:2dB=km) and n = 4  106, with x0 = 440m. These values are
based on A = 40[m]2, k00 = 0:57[ps]2=km, and n2 = 2:6  10−20[m]2=W for a dispersion-
shifted ber15. These numerical calculations use the multiple-Lorentzian model of the Raman
response function shown in Fig. 1, which accurately represents the detailed experimental
response function.
The numerical method is based on the split-step idea16 as adapted to Raman
propagation17. Noise is treated using a central dierence technique appropriate to stochastic
equations18, with the necessary adaptations required to treat a partial stochastic dierential
equation19. All calculations were duplicated using two dierent space-steps, but with the
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same underlying noise sources, in order to calculate discretization error. Sampling error was
also estimated using standard central limit theorem procedure over a large ensemble of noise
sources. Tests on time-steps and window-sizes were also carried out to ensure there were no
errors from these sources.
The initial conditions consist of a coherent laser pulse injected into the ber. In the
Wigner representation, this minimum uncertainty state leads to the initial vacuum fluctua-
tions. We take the initial pulse shape in the anomalous dispersion regime to be a fundamental
bright soliton, with A = 1 and V =  = q = 0. Such a soliton can be experimentally re-
alized with a suciently intense pulse, which will reshape into a soliton or soliton train.
The non-soliton part of the wave will disperse and any extra solitons will move away at
dierent velocities from the fundamental soliton. The numerical simulation in the normal
dispersion regime used two black solitons of opposite phase chirp (A = 1), so that the eld
amplitude at either boundary was the same. This phase-matching ensured the stability of
the numerical algorithm, which assumes periodic boundary conditions.
The position jitter at a given propagation time was calculated by combining the wave-
form with a phase-matched local oscillator pulse that had a linear chirp in amplitude, and
integrating the result to give the soliton position. This homodyne measurement involves
symmetrically ordered products, so the Wigner representation will give the correct statis-
tics. The variance in soliton position was then calculated from a sample of 1000 trajectories.
For this small distance of propagation (’ 10km), the jitter variance due to the initial noise
is twice the Gordon-Haus jitter, but for larger distances, the cubic eects are expected to
dominate.
For ultrafast pulses, the Raman jitter dominates the Gordon-Haus jitter (by a factor of
two in the 500fs bright soliton case) and will continue to do so even for long propagation
distances. For short propagation distances, the Gordon-Haus eect is not exactly cubic,
because of neglected terms in the perturbation expansion, which give a linear (as opposed to
cubic) growth in the jitter variance. However, there are no such terms in the Raman case.
The analytic Raman results are also shown in the gures, which show that our approximate
formula gives a reasonable t to the numerical data even for sub-picosecond pulses. Using























These equations show why experiments to date15, which have used longer pulses (t0 > 1ps)
and dispersion-shifted ber, have not detected the Raman-noise contribution to the jitter.
The Raman jitter exceeds the Gordon-Haus jitter for bright solitons with periods x0 <
1:5km. Dark solitons, on the other hand, have an enhanced resistance to the Raman noise,
which means that a shorter period is needed before the Raman jitter will become important.
The total jitter, which corresponds to the realistic case where all three noise sources are
active, is also shown in Fig. 2, and, in the bright soliton case, is about a factor of three larger
than the ordinary Gordon-Haus eect, over the propagation distance shown. The physical
origin of these quantum noise sources cannot easily be suppressed. The initial vacuum
induced timing jitter is caused by the shot-noise variance in the soliton guiding frequency.
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The physical origin of the Raman jitter is in frequency shifts due to soliton phase-modulation
by the ever-present quantum and thermal phonon elds in the ber medium.
6. Conclusions
Our major conclusion is that quantum noise eects due to the intrinsic nite-temperature
phonon reservoirs are a dominant source of fluctuations in phase and arrival time, for sub-
picosecond solitons. For longer solitons, Raman eects are reduced when compared to the
Gordon-Haus jitter from the laser gain medium that is needed to compensate for losses.
The reason for this is the smaller intensity of the pulse, and therefore the reduced Raman
couplings that occur for longer solitons { which are less intense than shorter solitons with
the same dispersion. The ratio can be calculated simply from the product Gx0, which gives
the gain per soliton length. A smaller x0 corresponds to a shorter, more intense soliton and
hence a larger Raman noise; while a larger G corresponds to increased laser gain, with larger
spontaneous noise.
At a given pulse duration and ber length, a strategy for testing this prediction would
be to use short pulses with dispersion-shifted ber having an increased dispersion, since this
increases the relative size of the Raman jitter. The physical reason for this is very simple.
Solitons have an intensity which increases with dispersion if everything else is unchanged. At
the same time, the multiplicative phase-noise found in Raman propagation is proportional
to intensity, and hence becomes relatively large compared to the additive Gordon-Haus
noise due to amplication. For large enough dispersion, the temperature-dependent Raman
jitter should become readily observable at short enough distances so that amplication is
unnecessary. This would give a completely unambiguous signature of the eect we have
calculated. A mode-locked ber soliton laser would be a suitable pulse source, owing to the
very short (64fs), quiet pulses20;21 that are obtainable.
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FIGURES
Fig. 1. Spectrum of the fluorescence function F(!) for the 11-Lorentzian model (continuous
lines) and the single-Lorentzian model (dashed lines), for a temperature of T = 300K. Also shown
is the spectrum of a t0 = 1ps soliton.
Fig. 2. Timing jitter in t0 = 500fs bright (a) and dark (b) solitons due to initial quantum
fluctuations (circles), Gordon-Haus eect (crosses) and Raman noise (plus signs). The asterisks
give the total jitter and the continuous line gives the approximate analytic results for the Raman
jitter.
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